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The creation of representative aquifer facsimiles is the cornerstone of Monte
Carlo stochastic hydrology. This process hinges on the identification and recreation of the statistical properties (distribution and correlation) of aquifer properties such as hydraulic conductivity (K). Since aquifers may have structures present across a huge range of scales, the concepts of fractional Brownian motion (fBm) have been explored previously in both analytic and numerical stochastic settings. The previous models have used isotropic scaling, in which the self-similarity properties do not vary with direction. Any anisotropy has been handled by a simple (elliptical) stretching of the scalar random K field. We define an extension of fBm to d−dimensions in which the fractionalorder integration in fBm may take on different orders in the d primary scaling directions (which do not have to be orthogonal) and the weight of the integration (correlation) is freely assigned according to a discrete or continuous measure on the unit sphere. This approach accounts for the different scaling found in the vertical versus horizontal in real granular aquifers. It also allows a description of fracture networks in a continuum setting: non-orthogonal eigenvectors describe the primary scaling directions, and discrete weight of fractional integration represent fracture continuity that is limited to a small number of directions. In a numerical experiment of a granular aquifer, the motion of solute in an operational-fractional Gaussian field depends very much on both the longitudinal and the transverse scaling (Hurst) coefficients. Lower integration order in the transverse direction (in the range of fractional Gaus-et al., 2004] . A more serious drawback of simple fBm is its isotropy, in which the selfsimilarity parameter is the same in all directions [Bonami and Estrade, 2003] . There is no reason that a sedimentary aquifer should have the same scaling properties in the vertical and horizontal directions. Evidence for different scaling in different directions at several sites is presented by Hewitt [1986] , Molz and Boman [1993] , and Liu et al. [1997] . Techniques have been developed that can handle this "anisotropy" in the scaling [Dobrushin, 1978; Hudson and Mason, 1982; Lovejoy, 1985, 1987; Kumar and Foufoula-Georgiou, 1993; Mason and Xiao, 2001; Bonami and Estrade, 2003 ] yet the mathematical character of numerical implementations is still under investigation, since many of the properties of these fields have only recently been worked out in one-dimension
(1-D) Taqqu, 2000, 2003 ].
Another complication is that aquifers may possess strong directionality in the K structure. Continuity within high-K units may be restricted to a small subset of the unit sphere in 3-D. For example, braided streams deposit gravel in continuous channels with distinct preferential directions associated with the mean transport direction (Fig. 1 ).
Correlation along continuous high-K units may not occur at all in some directions. For an example, consider the simplest representation of the position of a single channel by N orthing = sin(Easting) (Fig. 2a) . Clearly, most of the stream lies on or near the
±45
• directions. One can easily calculate the proportion of the "channel" occuring in any angular interval dθ and construct a histogram (Rose diagram) of the stream channel directions (Fig. 2b) . Depending on the amplitude and wavelength of the sine wave, the deposition of continuous structures is concentrated in several directions and may only span a few tens of degrees on the unit circle. The same histogram would apply to any D R A F T June 2, 2004, 6:25pm D R A F T combination of sine waves of equal amplitude and wavelength. Therefore, a superposition of intersecting sinusoidal channels would have a directional measure similar to that in Figure 2 . For a more realistic illustration, we calculated a histogram of the directions of the connected portions of the lightest colors in the photograph of the braided streams (Fig. 1) . The histogram of directions (Fig. 3) shows the strong preference for continuity in the direction parallel to the bottom edge of the photograph (0 • /180 • ) and almost none in the ±90
• directions.
Aside from the deposition of sediment grains of various sizes, aquifers may gain permeability structure through deformation. This is particularly important in low permeability rock, which may aquire fractures that convey essentially all of the groundwater flow. This scenario takes on increased importance, since most of the nations that produce high-level nuclear waste plan to store it within fractured, low permeability host rock (hence the numerous studies of Yucca Mountain in the United States [Bodvarsson and Tsang, 1999; Bodvarsson, 2003] , and theÄspö repository in Sweden [SKB, 2001] ).
Many of the studies of theÄspö site have endeavored to characterize the locations of all important fractures that intersect tunnels and drifts (e.g., Outters and Shuttle, 2000; Stigsson et al., 2000) . But the final buildout of the repository will uncover multitudes of new, as yet unknown fractures, and the regions of rock between the repository and potential receptors will always remain uncharacterized. Some sort of statistical representation of the aquifer (fracture) properties is still needed to supplement the mapping information [SKB, 2001, Chapter 8] . Real fracture networks are almost universally observed to possess fractal structure (see the extensive review by Bonnet et al., 2001) . The specifics of the D R A F T June 2, 2004, 6:25pm D R A F T more subtle statistics have a large bearing on the transport characteristics of the networks [Bour and Davy, 1998; Bour et al., 2003; Darcel et al., 2003a,b; deDreuzy et al., 2004] .
The need to restrict the K correlation to a limited set of specific directions is especially important in fractured rock, to the degree that current scalar random field (SRF)
generators are simply not applicable to the problem. Instead, discrete fracture network (DFN) simulations and extensions based on the statistics gained from the DFN are the norm [Adler and Thovert, 1999; Benke and Painter, 2003; Cvetkovic et al., 2004 ]. Yet DFN is an extremely taxing computational exercise in 3-D, effectively ruling out DFN simulation over a large range of scales (including, e.g., the repository-scale) [Benke and Painter, 2003] . Because of this, the DFN methodology cannot yet capture the behavior across many scales. We will show examples later in this proposal that lead us to hypothesize that a SRF can represent the extremely heterogeneous nature of fracture flow and transport, and that the efficient solvers based on SRF can be brought to bear on the problem.
To address some of the shortcomings of current methods, we create operator-scaling fractal SRF generators based on multidimensional fractional integro-differentiation, which is induced as the inverse of the recently defined anisotropic fractional Laplacian . These SRF have matrix-valued rescaling properties, which means that the scaling indices (for example, Hurst coefficients for Gaussian fields) are different in all directions. These fields do not have the multiple scaling dimensions associated with multiplicative cascades [Parisi and Frisch, 1985; Lovejoy and Schertzer, 1985; Gupta and Waymire, 1990; Veneziano and Essiam, 2003 ] although we will show that the two may display very similar measures (structure functions) if care is not taken in the measure-
ments. We derive the scaling properties of the covariance function (for Gaussian fields) and the SRF itself (for all fields). Unlike previous SRF generators, the present work allows all of the following: 1) self-similar structure at all scales, particularly when the scaling rates are unique in different directions, 2) arbitrary strength of correlation along discrete directions, 3) conditioning by real-world measurements, and 4) complete generality in choosing the statistical distribution of the SRF, including non-stationary. Finally, in Section 3, we investigate the influence of multi-scaling K structure on the transport of solutes and compare the results to previous stochastic analytic predictions.
Mathematical Basis
We begin with a review of fractional Brownian motion (fBm), the simplest example of a random function with scaling properties. Seeing a need for dependence in either direction in 1-D, it Mandelbrot [1982] introduced a bilateral version of fBm, which is an equally weighted convolution of power laws in the forward and backward direction with uncorrelated white noise:
This equation shows that the fBm is a weighed average of all values of the increments of a Brownian motion dB(x). The convolution take values of dB(x) and spreads them in space according to the power law kernel (Fig. 4) . The increments are called white noise, denoting a sequence of uncorrelated Gaussian random numbers. When we refer to uncorrelated noise without specifying the distribution, we will use the notation W (x). These integrals are properly called fractional-order integrals because of their operation in Fourier space Samko et al. [1993] for a comprehensive exposition on fractional derivatives and integrals). Using the Fourier transformf (k) = ∞ −∞ e −ikx f (x)dx, the n-fold integration of a function results in multiplication of the Fourier transformed function by (ik) −n , and n-fold differentiation results in multiplication by (ik) n ; fractional integrals/derivatives merely replace the integer exponent n with a rational number. The Fourier transform of (1) shows that fBm is a combination of (H + 1/2)-order forward-and backward-direction fractional integrals of white noise:
Since the range 0 < H < 1 is defined for a Gaussian process dB(x), this means that fBm is a fractional integral of order 1/2 to 3/2. Furthermore, since fractional Brownian motion is an order-1 integral of fractional Gaussian noise (fGn), the fractional integration of Gaussian white noise is defined throughout the entire interval −1/2 < A < 3/2, where we now use the exponent A to indicate order of integration. For simplicity, we will continue to use this notation, since using H becomes somewhat confusing when referring to both fGn and fBm. This symmetric form in one dimension (1-D) was extended and has been used extensively in multiple dimensions by assuming equally weighted integration in any of three physical dimensions and using a vector form:
An isotropic stretching of the field, resulting in greater strength or weight of correlation in any direction, but still decaying with the same power law (i.e., the same Hurst coefficient in all directions), is achieved by a scalar multiplication of the orthogonal vector components and Gelhar, 1995; Zhan and Wheatcraft, 1996] :
This stretching is equivalent to a smooth ellipse of weights with axes lengths given by λ i , quite unlike the shapes in Figures 2b or 3 . This approach also does not address the possibility that the decay of correlation in any direction may fall off according to different power laws. But real aquifers may show more correlation in the horizontal direction than the vertical [Hewitt, 1986; Molz and Boman, 1993; Liu and Molz, 1996] . Molz et al. [1997] suggest a scheme to change the order of integration in one direction via the expression
Furthermore, in many depositional environments, the correlation of high-K units may have strong directionality. In braided stream systems (Figure 1 ), the directions that channels take will be highly restricted (Fig. 3 ). The K correlation should follow the same constraints. Even more compelling examples are given by fractured aquifers, which may have fractures restricted to a small number of preferred orientations in 3-D. The correlation structure in this case could obviously not be represented by the smooth ellipse described by eq. (2).
In (2), the Fourier-transformed noise process dB(k) is multiplied by a suitable Fourier filter, corresponding to a convolution in real space, and then inverse Fourier transformed to obtain the stochastic process B A (x). In practice, any finite variance noise sequence can be used, allowing a flexible and realistic tool for simulating hydraulic conductivity (K)
fields. For example, ln(K) increments at several field sites are well modeled by a Laplace distribution [Meerschaert et al., 2004] , which is essentially a double-sided exponential.
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Identities relating the filter function, the correlation function, and the power spectral density also allow a different method for simulating Gaussian processes, starting in Fourier space [Voss, 1989; Peitgen and Saupe, 1988; Gelhar, 1993; Ruan and McGlaughlin, 1998; Dieker and Mandjes, 2003] but that method will not be pursued here, since knowledge of the spectral representation of an arbitrarily-distributed noise may be lacking.
In Section 2, use similar filter theory to construct multidimensional, operator-scaling random fields [Reed et al., 1995] . Our filter is based on multidimensional fractional differentiation and integration [Bojdecki and Gorostiza, 1999; Meyer et al., 1999; Chechkin and Gonchar, 2001; with the added feature of natural, discrete directional control.
Solute Transport in Monofractal K Fields
Kemblowski and Wen [1993] , Neuman [1995] , Rajaram and Gelhar [1996] , Zhan and Wheatcraft [1996] , and Di Federico and Neuman [1998] predict the rate of plume spreading through a fractal K field based on a single value of H in the direction of transport.
Our numerical experiments (Section 3) are most closely aligned with the assumptions of Neuman [1995] , Rajaram and Gelhar [1996] , and Di Federico and Neuman [1998] , so we focus here on their results. Neuman [1995] and Di Federico and Neuman [1998] assume purely advective flow so that each particle stays within a streamtube whose velocity autocorrelation function is then related to the K correlation function in the direction of transport. Making two different assumptions, they predict that the plume will grow either in a pre-asymptotic (pre-ergodic) or asymptotic (ergodic) state. The pre-asymptotic state is characterized by a plume that has traveled a much smaller distance than the largest frequency present (in the direction of travel) in the K field. An asymptotic plume occurs
when the plume has traveled farther than the period of the lowest frequency present in the aquifer material. Such a plume has a longitudinal macrodispersivity (a L ) that grows according to [Di Federico and Neuman, 1998 ]:
where VAR(X) is the variance of the particle travel distance,X is the mean travel distance, and H refers to the Hurst coefficient in the direction of travel.
A preasymptotic plume follows "unmixed" ballistic motion, similar to that described by Mercado [1967] , characterized by linear growth of the ensemble particle variance and macrodispersivity versus travel distance (a L ∝X ), until it has traveled a number of integral scales. The integral scale is defined as a function of the largest wave number present in the truncated fractal K field. After experiencing all of the variance of the K field several times over, the plume will transition to Fickian growth rate (a L = constant).
In either case (asymptotic or preasymptotic), Di Federico and Neuman [1998] predict the plume dynamics based on the Hurst coefficient in the direction of travel only. [1995] use a relative dispersion approach to calculate the macrodispersivity in a plume-specific (not ensemble) manner that corresponds most closely to Di Federico and Neuman's [1998] preasymptotic results. Rajaram and Gelhar [1995] compute the macrodispersivity in an fBm K field with a single value of H as:
Rajaram and Gelhar
The common feature of the analytic results on transport through fractal porous media is the isotropic scaling according to a single scaling parameter H. Liu and Molz [1996] posit that a different H in the direction transverse to flow may influence transport, since
lateral mixing is determined by the layered structure of the aquifer material. Thicker, more extensive layers should contribute to less mixing and more Mercado-type [1967] (ballistic) dispersion. Less extensive layering should promote more mixing and perhaps more Fickian-type dispersion. We investigate Liu and Molz' [1996] forecast in Section 3.
Multi-Dimensional Fractional Integro-Differentiation
The isotropic fractional Brownian motion random field B A (x) in d-dimensions results from applying the Fourier filter F (k) = |k| −A to a Gaussian white noise, where a scalar exponent A is used. The resulting stochastic process is obtained from its spectral repre-
by Fourier inversion. The Fourier filter scales according to [Reed et al., 1995] . A change of variables gives another important view of the scaling property:
. This representation allows us to generalize A to a matrix, while still retaining a scalar random field (like aquifer hydraulic properties such as K). Now the scaling relation imposes a different scaling rate in each dimension, since the scaling matrix c A uses the usual matrix power:
where I is the identity matrix. A simple example is a 2-D diagonal matrix with eigenvalues A 1 and A 2 , which gives c matrix. This filtering method allows the creation of a wide variety of operator-scaling processes using (6), and any noise distribution can be used in the numerical procedure.
Scaling Properties of the Operator-Fractional Field
The filter F (k) = 1/ψ(k) has the operator-scaling property 
where |c D | = |c D | is the determinant of the matrix c D . We note here several consequences of this scaling relationship: In general, the covariance scales along curves in physical space unless one samples along the eigenvectors of the scaling matrix A (Fig.   5 ). Sampling the process along straight lines between the eigenvectors will not follow a predictable power law (for any measure), and the apparent scaling (Hurst) coefficient will change with sampling scale. For some measures used to distinguish multiplicative multifractals [Schertzer and Lovejoy, 1987] , such as the structure function and spectral methods, the perceived fractal dimension will change unless care is taken to find the eigenvectors. Operator-scaling fields can easily show the properties of multiplicative cascades, when they may not be present. Analyses of several well-characterized sites have shown distinct differences in the measured mono-or multi-fractality in the vertical and horizontal directions Boufadel et al., 2000; Tennekoon et al., 2003] . Note that eq. (7) describes an operator-self similar process, since the covariance function, after matrix rescaling of space, is a copy of itself [Hudson and Mason, 1982; Laha and Rohatgi, 1982; Schertzer and Lovejoy, 1985; Mason and Xiao, 2001] .
Furthermore, the multidimensional process B A (x) scales according to
which can be seen by using eq. (50) in Reed et al. [1995] . This type of anisotropic scaling is called "operator" scaling [Hudson and Mason, 1982; Laha and Rohatgi, 1982; Mason and Xiao, 2001] or "generalized scale invariance" and Foufoula-Georgiou, 1993] . When a Gaussian noise is used, we will call B A (x) an "operator-fractional Brownian field" with the realization that some of the eigenvalues of A may fall in the range of a traditional fGn. As a simple example of the scaling property, to get a classical, isotropically scaling fBm with scalar index H, take ψ(k) = |k| H+n/2 . Then the scaling relation (8) reduces to
where A = H + 1/2, in agreement with classical multidimensional fBm [Samorodnitsky and Taqqu, 1994] . We note that eq. (3) does not share the operator-self-similarity of eq. For a simple example of a filter that can be written in closed form, let the integration matrix A be diagonal in 2-D with eigenvalues A 1 and A 2 . Furthermore, let there be 4 weights on the unit circle of 0.45 on the ±x-axis and 0.05 along the ±y-axis. Then (Fig. 4b) shows the different decay rates in the two directions and the discrete weights that transfer correlation in the chosen directions. In Section 3, we use (6) and (9), where F (k) = 1/ψ(k), to fractionally integrate Gaussian noise and create a series of random fields, each with an identical A 1 but a different value of the parameter A 2 . The resulting operator-fractional Gaussian fields are then used to investigate the effect of the order of aquifer scaling, transverse to mean flow, on contaminant migration.
Nonorthogonal Scaling Directions
Perhaps the most intriguing feature of ψ(k), and the operator-scaling noise or motion that comes from it, is that the primary scaling directions need not be orthogonal. Nor do the weights (the relative strength of correlation and continuity) have to be greatest in these directions. This makes an operator-fractional field a good candidate for simulating structurally deformed rock, since the fracture sets formed by stress relief are rarely orthogonal (e.g., Davis, 1984) . Presently, geostatistical simulation is used primarily to simulate undeformed sedimentary rock. A notable exception is Tsang et al. 's [1996] sequential simulation and addition of fracture sets as an equivalent porous medium. In their methodology, however, the scaling properties are isotropic, and individual SRFs must be generated for each of the correlation structures and re-combined, potentially altering the overall statistical properties of the fields. Using our operatorfractional SRF, an infinite variety of permeability structures can be generated by varying To illustrate the technique, we chose two fracture sets (scaling eigenvectors) oriented
±22.5
• from the x-axis. Weights were made equal along the positive and negative eigenvectors (Fig. 6, left side) , and three times greater on one of the fracture sets (Fig. 6, right side). The input uncorrelated noise (with no conditioning) was chosen to be Gaussian.
The output field was normalized to have a standard deviation of 0.9 and exponentiated.
The darker areas shown in Fig. 6 are those with higher value of K. Note the fracture-like limited areas of connected high permeability. The output field can be conditioned using the positions of known fractures in the input noise, and the variability of effective K in individual fractures (or zones) is explicitly represented. We theorize that the flow through such a limited "network" would strongly depend on both the scale of simulation and the specifics of the weights on the unit sphere and the fractal dimensions (power laws of the correlation) in various fracture directions. Such behavior is a hallmark of DFN simulations (e.g., Bour and Davy, 1998; Bour et al., 2003; Darcel et al., 2003a,b; deDreuzy et al., 2004) . In a future study, we will investigate the correspondence of flow and transport through these SRFs to DFN. In the next section, we investigate transport through granular aquifers and the applicability of mono-fractal analytic theories.
Solute Transport in Granular Operator-Fractal Aquifers (Orthogonal Eigenvectors)
To examine the effect of the difference of the Hurst coefficients in different directions, when the vertical order of integration A vert = A horiz = 1.2, the field is similar to previous isotropic and stretched models of fBm [Rajaram and Gelhar, 1995; Zhan and Wheatcraft, 1996] . The only difference is our use of four discrete, rather than continuous (elliptical)
weights. The output fields are adjusted to have zero mean and a standard deviation of 1.5, then exponentiated, so that each field is a lognormal operator-fractional field. The fields were tested for scaling properties in the two principle directions by sampling a row and column from the field and applying the rescaled range analysis outlined by Liu and Molz [1996] . The rescaled range plots, while not diagnostic, corroborate the anisotropic scaling properties (Fig. 8) .
After solving the head field using MODFLOW (assuming an average hydraulic gradient of 0.01 and no-flow boundaries on the top and bottom), particles were placed on the high head side and tracked using LaBolle et al. 's [1996] particle tracking code. To make the simulations representative of real-world conditions, we include a small local dispersivity
(equal in longitudinal and transverse directions) of 0.1 times the constant grid size of 1 foot. Since this does not correspond exactly to Neuman's [1995] and Di Federico and Neuman's [1998] analytic results, we perform an additional simulation with no local dispersion to assess the numerical comparison.
Increased orders of vertical integration (A vert ) have a distinct effect on the plume statistics. Lower values allow more advective mixing, less spreading from persistent preferential flow, and a transition from Mercado (ballistic) to Fickian flow (Fig. 9a) . In contrast, as the vertical structure gains more layering from the increased order of integration, the plume spreads at a nearly Mercado-like (ballistic) rate over the entirety of the simulation.
Even thought the mean and variance of the overall K distribution are exactly the same in all simulations, higher values of the transverse Hurst coefficient lead to much more mass in the leading edge and trailing edges of the plume (Fig. 9b) . The duration of breakthrough is greater by over an order-of-magnitude for the most, versus least, layered aquifer. The contribution of early arrivals and late tailing are roughly equal. The lowest value of A vert = 0.1 shows an unexpectedly Gaussian plume after 10,000 days (Fig. 10a) . The plumes become progressively less Gaussian and multi-modal with greater transverse A vert .
We can compare our numerical results to the predictions of Di Federico and Neuman [1998] and Rajaram and Gelhar [1996] . Our numerical K fields have a low wave number cutoff equal to twice the domain size, since we subsampled the original 1024×1024 field.
A high wave number (frequency) cutoff is dictated by the Nyquist frequency, which corresponds to the size of an individual cell. Therefore, our numerical plumes are typically much larger than a small fractal cutoff and smaller than a large cutoff. According to the criteria of Neuman [1995] , this represents a preasymptotic state in which the plumes D R A F T June 2, 2004, 6:25pm D R A F T should always grow ballistically (i.e., a dispersivity that grows linearly with mean travel distance). For reference, the integral scale in the longitudinal direction using Di Federico and Neuman's [1998] definition is roughly 600 elements: longer than the 512 element field itself.
We note that the local dispersion, which is not present in Di Federico and Neuman's
[1998] analysis, does not play a significant factor in our numerical simulations, given the fact that all fields show similarly ballistic transport for early times. An additional simulation was also run with no local dispersion within the most macrodispersive realization with A vert = 0.1. The differences between the simulations with and without local dispersion were negligible; therefore, the small local dispersion included in the previous analysis does not change the overall effect of advective mixing that is enhanced by lower orders of integration in the transverse direction.
Only the fields that are nearly mono-fractal agree qualitatively with the analytic predictions ( Fig. 9a) , however, the plumes are far from Gaussian in shape (Fig. 10 ). The plumes with lower values of A vert show convergence to a Fickian growth rate and a Gaussian plume shape, since we specified a finite-variance lognormal K distribution. We forward a conjecture that the plumes would approximate α-stable plume shape and growth rate had we specified heavy-tailed, α-stable K values [e.g., Painter and Paterson, 1994; Benson et al., 2001; Herrick et al., 2003] . Trefry et al. [2003] show that even lognormally distributed aquifers may engender α-stable growth behavior when the variance of ln(K) is high enough. Furthermore, the late-time tailing displayed in the non-Fickian plumes is and Scher, 1997; Berkowitz et al., 2000; Dentz and Berkowitz, 2003] .
Had the variance of ln(K) been greater, the presence of fractal low-K zones dominated by diffusive transport may have induced this type of fractal delayed transport [Haggerty et al., 2001 ].
We used a simplistic measure of directional correlation in our approximation of a granular aquifer. Our rough measure of the directionality within the surface expression of a braided stream environment shows much more complex structure (Fig. 3) . We have not yet examined the effect on solute transport of more complex directional measures, whether they represent granular or fractured media.
Conclusions
1) Aquifers created by fluvial deposition will have more complex directional correlation weighting than a smooth ellipse can represent.
2) Fractured media may have correlation restricted to a limited set of discrete directions.
3) An aquifer's self-similar scaling parameters in different directions may be different, so that it may require representation by a multi-dimensional self-similar field that has matrix-valued operator-scaling. 
Appendix A: Dual Fractional Integral Definitions
For multi-dimensional fractional derivatives and integrals to be inverse operators, there are two sets of definitions that can be used. Specifically, take an example of a 2-D fractional derivative of matrix order A, where A is diag(A 1 , A 2 ). Also define the mixing measure as having equal weights in only the +x 1 and +x 2 directions. The Fourier pairs
define the derivative, and induce that the inverse operator (the 2-D fractional integral not a linear combination of two fractional integrals, since f (k)/((ik 1 )
On the other hand, one could define multi-dimensional fractional integration as a linear combination of directional fractional integrals, so that, for the same matrix A and weights we would have
Note that in 1-D, the two definitions differ by only a constant. Now A is a scalar and
while on the other hand,
The same is true in d-dimensions with a scalar A. In a more general setting, there are two 
if the eigenvalues of A are greater than 1/2 and less than 1, whereas
if the eigenvalues of A are greater than one. We compute the operator-fractional Brownian field by inverting dB(k)/ψ(k) using the fast Fourier algorithm. The Fourier transform of noise with any distribution may be used in the procedure. In order to compute ψ(k),
we use a discrete mixing measure M (dθ) = M i (θ i ), a sum of point masses with userspecified weight (indicating the strength of directional dependence). For a continuous measure, this discretization is similar to approximating a continuous measure with a
histogram. Here we only show calculations in 2-D. The 3-D versions are straightforward extensions. We can assume without loss of generality that the exponent matrix is diagonal,
, since a coordinate transformation can be performed after ψ(k) is calculated. Thus we reduce the computation of ψ(k) to
the second integral appears only if α 1 and α 2 are greater than one. Now we write ψ(k) =
The last line shows that we can compute ψ 0 as a combination two functions; i.e.,
where x ∈ [−1, 1] and
if k i ≥ 0 in the respective case; otherwise take the complex conjugate. We used MathCad (worksheet available from the authors) to evaluate ψ 1,2 using adaptive step sizes at a limited number of points and then used cubic spline interpolation to compute ψ(k) efficiently for a large number of grid points. 
